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Abstract
One of the important parameters for controlling the behavior 
of continuous welded rail (CWR) in railway tracks is rail sup-
port modulus. Reviewing the technical literature reveals some 
elapsed points in this regard such as continuous or discrete 
supports, V-shaped rail irregularity and geometrical stiffness 
which can considerably affect on the vehicle-track dynamic 
interaction. So, the present study was allocated to numerical 
investigating the effects of aforementioned parameters on the 
vehicle-track dynamic interaction. In this matter, the finite 
element model of ballasted railway track in conjunction with 
multi-body dynamics model of vehicle was developed and they 
simultaneously solved numerically. This preliminary model 
was verified through comparison of the results with published 
works in this area. Consequently the model was promoted 
considering continuous and discrete support condition, imple-
menting the V-shaped irregularity and geometrical stiffness. 
In each step, the results of the extended models were com-
pletely presented in the form track structure response.
Keywords
railway track, rail support modulus, vehicle-track system, 
finite element method, continuous or discrete supports, 
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1 Introduction
The mechanical behavior of continuous welded rail (CWR) 
tracks under moving vehicles is an important issue which 
should be investigated using suitable computational tools. Till 
now, several researchers have already worked in the field of 
analysis of railway tracks. For instance, Zhai and Cai [1] stud-
ied the vehicle-track interaction considering a system of lumped 
masses and discrete supports. Fryba [2] studied the effects of 
moving loads on the beam as simplified railway track. Dahlberg 
[3] investigated the dynamic behavior of railway tracks. Breul 
and Saussine [4] investigated the ballast mechanical specifica-
tions by experimental studies. Zakeri and Xia [5] presented a 
train – track dynamic interaction model for analyzing the bal-
lasted railway tracks. Zakeri et al. [6, 7] studied the effects of 
rail irregularity in dynamic performance of ballasted tracks. 
Wang et al. [8] investigated the beam behavior under the moving 
loads. Zakeri and Ghorbani [9] investigated the dynamic behav-
ior of ballasted and slab tracks. Mosayebi et al. [10] studied 
the effects of support stiffness on behavior of ballasted railway 
tracks. Also, Esmaeili et al. [11] studied train induced ground 
vibrations due to moving loads. Rail support modulus is known 
as one of the most important parameters which can affect on the 
dynamic behavior of railway tracks. In this regard, Selig and 
Waters [12] investigated the railway track specifications such 
as stiffness of track parts. Cai et al. [13] studied the static track 
modulus. Kerr [14, 15] examined the rail support modulus in the 
railway tracks. Mosayebi et al. [16] investigated the ballasted 
track performance due to a passing locomotive by using numer-
ical analyses and field tests. Zakeri et al. [17] studied the effects 
of track stiffness on the behavior of railway tracks. 
Reviewing the above-mentioned literature evidently shows 
some unconsidered aspects in numerical investigating the 
vehicle-track interaction focusing on the role of rail support 
modulus on dynamic interaction of moving vehicle. 
In this study some important issues of V-shaped rail irreg-
ularity and geometrical rail support stiffness are studied using 
finite element model of coupled vehicle and railway track. The 
developed preliminary model of track is validated by compari-
sons of the results with those presented by Zakeri and Ghorbani 
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[9]. In the next stage, the response of track with continuous sup-
ports was compared with track including discrete supports and 
some important points were presented from analytical point 
of view. In continuation, the effect of rail support modulus in 
conjunction with various amplitudes of V-shaped rail irregular-
ity on the dynamic behavior of railway track with continuous 
supports was investigated. In the final stage, the effect of geo-
metric stiffness and rail temperature on the behavior of railway 
tracks was studied. As practical outcomes of the research, sev-
eral equations were derived for various engaged parameters.
2 Railway track model
Ballasted track superstructure consists of rail, sleeper, bal-
last, and bed parts. In model of beam on elastic foundation, 
an equivalent stiffness is considered instead of stiffness of all 
of the mentioned track components. In numerical analysis of 
beam on the elastic foundation, the term of foundation stiff-
ness (rail support modulus) should be considered together with 
the beam stiffness. Fig. 1 indicates the model of railway track 
located on the continuous supports. This model contains the 
beam elements on the elastic foundation (Fig. 2).
Fig. 1 Railway track model including beam elements
Fig. 2 Beam element
Considering the Kf as rail support modulus, the stiffness 
matrix for each element is calculated as follows [8]:
In this equation, f(x) and Kf are shape function and elastic-
ity constant of foundation respectively. The shape function is 
determined as follows:
In this equation, parameters of x and L are distance of load 
from the first node and length of beam element respectively. 
The stiffness matrix of railway track on the elastic foundation 
is calculated as follows:
In this matrix, Kf, b, and L are elasticity constant of foun-
dation (rail support modulus), the width of beam and length 
of the element respectively. Consequently, the stiffness matrix 
of the beam on elastic foundation [Kbef] is assessed as follows:
In this equation, [KB], and [KF] are the beam and foundation 
stiffness matrix respectively. Also, the beam stiffness matrix 
[KB] is obtained as follows:
In this matrix, E, I and L are elasticity modulus, moment 
of inertia and length of beam element respectively. Also, the 
mass [MR] and damping [CR] matrix are determined as follows:
In these equations, m, α, and β are mass per unit length of 
track and Rayleigh damping coefficients respectively. It should 
be noted that the Rayleigh damping coefficients were deter-
mined based on the two first natural frequencies of track struc-
ture and the reported values in Table 1 have been obtained for 
α and β. These values are agreement with those the presented 
in the technical literature [6, 7, 18]. The motion equation of 
track model is obtained as follows:
In this equation, [MR], [KR], and [CR] are the matrix of mass, 
stiffness, and damping of railway track respectively. Also, Fg 
is gravity of vehicle loads.
3 Railway vehicle model
For modeling the railway vehicle, carbody with two bogies 
including four wheel loads are considered. In this regard, firstly 
the equations of motion for all parts of vehicle are extracted and 
then the vehicle matrix is obtained based on the motion equations. 
In order to determine the force vector, location of passing train 
load is calculated and then rail points forces are examined based 
on shape functions. Fig. 3 shows the railway vehicle model. 
The vehicle model has 10 degrees of freedom including vertical 
motion of carbody (Zc), rotational motion of carbody (θc), vertical 
motion of bogie 1 (Zt1), rotational motion of bogie 1 (θt1), vertical 
motion of bogie 2 (Zt2), rotational motion of bogie 2 (θt2), vertical 
motion of wheel 1 (Zw1), vertical motion of wheel 2 (Zw2), vertical 
motion of wheel 3 (Zw3) and vertical motion of wheel 4 (Zw4).
K K f x f x dAF f
T[ ] = [ ] [ ]∫ ( ) ( )
f x
L
x x L L x L x L xL
x x L x L x L
( ) = − + − +
− + − 
1
2 3 2
2 3
3
3 2 3 3 2 2 3
3 2 3 2 2
K
bLK bL K bLK bL K
bL K bL K
F
f f f f
f f
[ ] =
−
13
35
11
210
9
70
13
420
11
210 10
2 2
2 3
5
13
420 140
9
70
13
420
13
35
11
210
2 3
2 2
bL K bL K
bLK bL K bLK bL K
f f
f f f f
−
−
−
13
420 140
11
210 105
2 3 2 3bL K bL K bL K bL Kf f f f− −


























K K Kbef B F  = [ ] + [ ]
K EI
L
L L
L L L L
L L
L L L L
B[ ] =
−
−
− − −
−







3
2 2
2 2
12 6 12 6
6 4 6 2
12 6 12 6
6 2 6 4 




M mL
L L
L L L L
L L
L L
R[ ] =
−
−
−
− − −
420
156 22 54 13
22 4 13 3
54 13 156 22
13 3 22
2 2
2 L L4 2












C M KR R R[ ] = [ ]+ [ ]α β
M X K X C X FR R R g[ ]{ } + [ ]{ } + [ ]{ } ={ } (1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
446 Period. Polytech. Civil Eng. S. A. Mosayebi, J. A. Zakeri, M. Esmaeili
Fig. 3 Railway vehicle model
In Fig. 3, Mc, Jc, Mt, Jt and Mw are carbody mass, carbody 
rotational inertia, bogie mass, bogie rotational inertia and 
wheel mass respectively. Also, Kt, Ct, Kw and Cw are bogie 
stiffness, bogie damping, wheel stiffness and wheel damp-
ing respectively. Moreover, Lc is the distance of centerlines 
of carbody and bogie and Lt is the distance of centerlines of 
bogie and wheel.  The motion equations of vehicle parts are 
presented as follows:
Vertical motion equation of carbody (Zc):
Rotational motion equation of carbody (θc):
Vertical motion equation of bogie 1 (Zt1):
Rotational motion equation of bogie 1 (θt1):
Vertical motion equation of bogie 2 (Zt2):
Rotational motion equation of bogie 2 (θt2):
Vertical motion equation of wheel 1 (Zw1):
Vertical motion equation of wheel 2 (Zw2):
Vertical motion equation of wheel 3 (Zw3):
Vertical motion equation of wheel 4 (Zw4):
Also in these equations, Fwi is the rail-wheel force which is 
calculated as follows:
In this equation, Zw, Zr, CH and R(x) are wheel displacement, rail 
displacement, Hertezian stiffness constant and irregularity shape 
respectively. Based on the mentioned motion equations of vehicle 
parts, the mass, stiffness and damping matrix of vehicle model 
are derived. Then, whole mass, stiffness and damping matrix of 
vehicle – track dynamic system are calculated by assembling the 
vehicle and track matrices. Finally, the whole motion equation of 
system as presented in Eq. 20 is solved with Newmark method 
according to following algorithm (Fig. 4) [1, 5, 6, 7].
 Fig. 4 Solution algorithm for vehicle – track dynamic interaction equations
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In this equation, [MT], [KT], and [CT] are mass, stiffness, 
and damping of whole system respectively. Also, Fg and Fwi 
are gravity of moving vehicle and rail-wheel dynamic force 
respectively. Regarding to the technical literature [5–7] usu-
ally for omitting the beam boundary effects, track length 
should be considered 1.5 times of train length as LT ≥ 1.5 LV . 
Where, LT and LV are the track and vehicle length respectively. 
Table 1 indicates the important parameters of railway vehicle 
and track which are used in the present analyses.
4 Numerical model verification
In this section for verification the vehicle-track dynamic 
interaction model, the railway track models with continuous 
and discrete supports (including rail and sleeper) under the 
moving train are simulated and their results are compared with 
the results of Zakeri and Ghorbani study [9]. Fig. 5 depicts the 
results of the mentioned railway track models.
Fig. 5 The results of railway track models with discrete and continuous sup-
ports in the present study
As can be observed from Fig. 5, a very good agreement 
exists between the results of railway track models in the pres-
ent study and Zakeri and Ghorbani study [9] which confirm the 
accuracy and validity of the developed numerical models in the 
present study. Moreover, it should be stated that the maximum 
difference between discrete and continuous track models is less 
than 1 percent. In continuation, the effects of rail support mod-
ulus are studied on the behavior of railway track.
5 Effects of rail support modulus by considering the 
V-shaped rail irregularity
When continues welded railway tracks, the rails are welded 
together. During the track operation, by passing the train 
wheels over the rail connections a type of damage form of the 
V-shaped rail irregularity is created [19–21]. In this part of 
paper, the effects of different rail support modulus on the ratio 
of track displacement to train axle load for various amplitudes 
of V-shaped rail irregularity are investigated. The V-shaped 
rail irregularity is presented in Fig. 6.
Fig. 6 V-shaped rail irregularity
In this regard, a series of dynamic track analyses are per-
formed and results are presented as ratios of vertical track 
displacement to axle vehicle load [15]. The following figures 
show the ratios of the maximum track displacement to vehicle 
axle load versus the rail support modulus for light and heavy 
axle train loads corresponding to various irregularity depths.
A) Heavy vehicle axle load 20 tons
B) Light vehicle axle load 4 tons
Fig. 7 Ratio of track displacement to vehicle load versus rail support modu-
lus for light and heavy axle vehicle loads
As can be observed from Fig. 7, the ratio of track displace-
ment to vehicle axle load decreases by increasing the rail 
support modulus. This ratio for the heavy and light vehicles 
in terms of rail support modulus is same when there are not 
V-shaped rail irregularities in the railway tracks. But, this 
ratio for the heavy and light vehicles is different when there 
are V-shaped rail irregularities in the railway track and it 
increases by increasing the amplitudes of V-shaped rail irreg-
ularity. The changes of this ratio for the heavy vehicle loads 
are less than light vehicle loads. Table 2 depicts the derived 
equations of this ratio for different V-shaped rail irregularity 
amplitudes due to the moving light and heavy axle loads.
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Table 2 Derived equations of ratio of track displacement to vehicle axle load 
respect to rail support modulus
Vehicle Axle 
loads (ton)
Amplitude of V-shaped 
rail irregularity (mm)
Ratio of track displacement to 
vehicle axle load (mm/ton)
Heavy vehicle 
axle load 20 
tons
0 RD = 1.258M–0.78
1 RD = 1.039M–0.68
2 RD = 0.928M–0.59
Light vehicle 
axle load 4 
tons
0 RD = 1.257M–0.78
1 RD = 0.885M–0.46
2 RD = 1.022M–0.37
* In this table, parameter “M” is rail support modulus (MPa).
According to Table 2, derived equations are presented as 
power forms (RD = a.Mb). The absolute values of “b” in this 
equation decrease by increasing the V-shaped rail irregularity 
amplitudes. In continuation, the effects of geometric stiffness 
on the beam located on the elastic foundation are investigated.
6 Effects of rail support modulus by considering 
geometric stiffness
For considering the effects of rail support modulus by con-
sidering geometric stiffness, the elastic strain energy due to 
axial load in rail should be considered as follows:
Then the geometric stiffness matrix is calculated as follows:
In this equation, KG, L, N, and f(x) are the geometric stiffness, 
length of the beam element, axial force, and shape function 
respectively. The equation of thermal axial force is calculated 
as follows:
In this equation, E, A, α0 and Δt are elasticity modulus, beam 
cross section area, thermal expansion coefficient and the tem-
perature difference respectively. Therefore, the stiffness matrix 
of beam on the elastic foundation is estimated as follows:
In this equation, [KB] and [KF] and [KG] are beam, foun-
dation and geometric stiffness matrices respectively. The fol-
lowing figures indicate the effects of geometric stiffness on 
the behavior of railway track located on the elastic foundation 
under the moving vehicle by considering Table 1.
Railway vehicle/ track Parts Parameter Symbol values Unit
Vehicle
Carbody mass Mc 49500 kg
Carbody rotational inertia Jc 1700 t.m2
Bogie mass Mt 10750 kg
Bogie rotational inertia Jt 9.6 t.m2
Wheel mass Mw 2200 kg
Bogie stiffness Kt 1.72 MN/m
Bogie damping Ct 300 kNs/m
Wheel stiffness Kw 4.36 MN/m
Wheel damping Cw 220 kNs/m
Distance of the centerlines of carbody and bogie Lc 9.5 m
Distance of the centerlines of bogie and wheel Lt 1.25 m
Vehicle speed v 160 Km/hr
Hertezian stiffness constant CH 1e11 N/m3/2
Track
Mass per unit length m 60.34 kg/m
Rayleigh damping coefficient α 400 -
Rayleigh damping coefficient β 4e-7 -
Track length LT 39 m
Distance between sleepers Lr 60 cm
Rail cross section area A 76.9e-4 m2
Rail density ρ 7850 kg/m3
Rail moment of inertia I 3055e-8 m4
Rail elasticity modulus E 210e9 N/m2
Rail pad stiffness Kp 200 MN/m
Rail bed stiffness Kb 46 MN/m
length of the rail element L 60 cm
Rail support modulus Kf 10-200 MPa
Thermal expansion coefficient α0 1.05e-5 oC–1
Table 1 Railway vehicle and track parameters [5, 6, 9, 10]
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A) Effects of tensile axial loads with various temperature differences
B) Effects of compressive axial loads with various temperature differences 
Fig. 8 Railway track displacements by considering geometric stiffness
As can be observed from Fig. 8, the vertical track displace-
ments decrease by increasing the tensile axial forces whereas 
they increase by increasing the compressive axial forces. Also 
by increasing the rail support modulus, the effects of tensile 
and compressive axial forces on the behavior of railway track 
are negligible. Tables 3 and 4 present the derived equations 
of track behavior as power forms for tensile and compressive 
axial loads.
Table 3 Derived equations by considering geometric stiffness for tensile 
axial load
Temperature difference 
(oC) Axial force (kN)
Railway track displacement 
(mm)
0 0 D = 4.239M–1.01
30 509 D = 4.205M–1.01
60 1020 D = 4.171M–1.01
* In this table, parameters “M” is rail support modulus (MPa).
Table 4 Derived equations by considering geometric stiffness for compres-
sive axial load
Temperature difference 
(oC) Axial force (kN)
Railway track displacement 
(mm)
0 0 D = 4.239M–1.01
30 –509 D = 4.275M–1.01
60 –1020 D = 4.313M–1.02
* In this table, parameters “M” is rail support modulus (MPa).
Based on the Tables 3 and 4, the coefficients of derived equa-
tions decrease by increasing the tensile axial forces whereas 
they increase by increasing the compressive axial forces.
7 Conclusions
The available literature shows that the effects of rail support 
modulus including some side effects of continuous or discrete 
supports, V-shaped rail irregularity and geometrical stiffness 
on the CWR railway track dynamic behavior have not been 
investigated adequately. In this paper, firstly the modeling pro-
cedure of railway track by considering the rail support modu-
lus under the vehicle carbody with two bogies including four 
axle loads was presented by using the finite element method 
and then it was verified with the numerical results of previ-
ous researches. Then, the response of railway track including 
continuous supports was compared with track including dis-
crete supports under the moving vehicle. In continuation, the 
effects of V-shaped rail irregularity and geometric stiffness 
and rail temperature on the behavior of track were studied. 
The important results of this study are presented as follows:
The ratio of track displacement to vehicle axle load 
decreased by increasing the rail support modulus. Also, this 
ratio increased by increasing the amplitudes of V-shaped rail 
irregularity. 
The ratio of track displacement to axle load for heavy and 
light vehicles based on rail support modulus was same when 
there were not V-shaped rail irregularities. But, this ratio for 
the heavy and light vehicles was different when there were 
V-shaped rail irregularities. The changes of this ratio under 
the heavy vehicle loads were less than light vehicle loads. 
Derived equations of this ratio (RD) in terms of rail support 
modulus (M) were presented as power forms  (RD = a.Mb). For 
heavy vehicle load 20 tons, the coefficients “a” were 1.258, 
1.039 and 0.928 and also the coefficients “b” were -0.78, -0.68 
and -0.59 for amplitudes of V-shaped rail irregularity 0, 1 and 
2 mm respectively. 
For light vehicle load 4 tons, the coefficients “a” were 1.257, 
0.885 and 1.022 and also the coefficients “b” were -0.78, -0.46 
and -0.37 for amplitudes of V-shaped rail irregularity 0, 1 and 
2 mm respectively. 
By considering the geometric stiffness, the vertical track 
displacements decreased by increasing the tensile axial forces 
whereas they increased by increasing the compressive axial 
forces. Also by increasing the rail support modulus, the effects 
of tensile and compressive axial loads on the behavior of rail-
way track were negligible. 
Derived equations of rail vertical displacement (D) respect 
to rail support modulus (M) were presented as power forms (D 
= a.Mb) by considering the geometric stiffness. The coefficients 
of  “a” were 4.239, 4.205 and 4.17 and also the coefficients of 
“b” were -1.01 for tensile axial loads with the temperature dif-
ferences 0, 30 and 60 oC respectively. Also for compressive 
axial loads, the coefficients of “a” were 4.239, 4.275 and 4.313 
for temperature differences 0, 30 and 60 oC respectively.
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